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Abstract. Let <p be a psh function on a bounded pseudoconvex open set f2 C C n , 
and let J(y>) be the associated multiplier ideal sheaf. Motivated by resolution of 
singularities issues, we establish an effective version of the coherence property 
of J(mip) as m —* +00. Namely, we estimate the order of growth in m of the 
number of generators needed to engender 3(rrup) on a fixed compact subset, as well 
as the growth of the coefficients featuring in the decomposition of local sections 
as linear combinations over of finitely many generators. The main idea is to 
use Toeplitz concentration operators involving Bergman kernels associated with 
singular weights. Our approach relies on asymptotic integral estimates of singularly 
weighted Bergman kernels of independent interest. In the second part of the paper, 
we estimate the additivity defect of multiplier ideal sheaves already known to be 
subadditive by a result of Demailly, Ein, and Lazarsfeld. This implies that the decay 
rate of 3(mip) is not far from being linear if the singularities of ip are reasonable. 



0.1 Introduction 

Let X be a complex manifold of complex dimension n, and let ip be a 
plurisubharmonic (psh) function on X. Following Nadel ([Nad90]), one can 
associate with <p the multiplier ideal sheaf 3(<p) C Ox whose fibre at a point 
x G Q is defined as the set of germs of holomorphic functions / G On, x such 
that \f\ 2 e~ 2tp is integrable with respect to the Lebesgue measure in some 
local coordinates in a neighbourhood of x. The main purpose of the present 
paper is to study the variation of U(my?) asm^ +00. 

The sequence of multiplier ideal sheaves 3(mip) is easily seen to be nonin- 
creasing as m — > +00. Indeed, to offset the possible nonintegrability of e~ 2mv 
near points x G Q where f(x) = —00, holomorphic germs / G 3(rmp) x may 
need to vanish to increasingly high orders at x as m increases. On the other 
hand, the subadditivity property of multiplier ideal sheaves established by 
Demailly, Ein, and Lazarsfeld (cf. [DELOO]) implies that 

3(mcp) C %)"\ 

while the inclusion is strict in general. In other words, 3(nup) may decrease 
more quickly than linearly asm^ +00. The main thrust of the ensuing de- 
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velopment is to obtain an effective control on the decay of 3(mip) asm ^ +00. 
Since the problems dealt with throughout this paper are local in nature, we 
shall focus our attention on psh functions ip defined on a bounded pseudo- 
convex open set Q C C n . Examples of such functions are provided by the 
so-called psh functions with analytic singularities, namely those functions 
that can be locally written as 



for some holomorphic functions gi, . . . , on f2, and some constant c > 0. 
The — oo-poles (or singularities) of tp are precisely the common zeroes of 
gi, . . . , g N , and they only depend, up to an equivalence of singularities, on 
the sheaf generated by gi, . . . , g N . 

The issue of the decaying rate of 3(mip) is addressed in two ways. 

First, let !Ha(rrup) be the Hilbert space of holomorphic functions / on VL 
such that \f\ 2 e~ 2mip is integrable with respect to the Lebesgue measure on 
Q. It is well-known that the ideal sheaf 3(mip) is coherent and generated as 
an O^-module by an arbitrary orthonormal basis (<r m , j)jeN* of Jin(rrnp) (see 
e.g. [Dem93, Lemma 4.4]). By the strong Noetherian property of coherent 
sheaves, it is then generated, on every relatively compact open subset Q'CC 
Q, by only finitely many <7 mj /s. Our first goal is to make this local finite 
generation property effective ; in other words, to estimate the number N m of 
generators needed, as well as the growth rate of the (holomorphic function) 
coefficients appearing in the decomposition of an arbitrary section of 3(mip) 
on Q' as a finite linear combination of ov^/s, as m — > +00. The first set of 
results can be summed up as follows. 

Theorem 0.1.1 Let ip be a strictly psh function on fl C C" such that 
iddip > Cquj for some constant C > 0. Let B := B(x, r) CC VL be 
an arbitrary open ball. Then, there exist a ball B(x, r ) CC B(x, r) and 
m = m (Co) G N, such that for every m > itiq the following property holds. 
Every g G ^{^(m^) admits, with respect to some suitable finitely many ele- 
ments cr mt i, ■ ■ ■ o~m, N m in a suitable orthonormal basis {(Tm,j)j&i* of < Ko.{rrnp) , 
a decomposition : 





N, 





with some holomorphic functions 



b mJ on B(x, r ), satisfying : 
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where C > is a constant depending only on n, r, and the diameter of Q. 

Moreover, if (p has analytic singularities, then N m < C^m n for m » 1, 
where C v > is a constant depending only on (p, B, and n. 

This can be seen as a local counterpart to the effective version of the global 
generation of multiplier ideal sheaves proved in [Siu02, Theorem 2.1] as a step 
towards the invariance of plurigenera for projective manifolds not necessarily 
of general type. Unlike in Siu's case, where spaces of global sections over 
compact manifolds were already finite dimensional, the corresponding spaces 
"K^i(i7up) of local sections are infinite dimensional. To achieve a finite number 
of generators, a restriction to a compact subset is necessary. This involves 
appropriate choices of generators with estimates obtained from a study of 
Bergman kernels. The main technique is a concentration procedure of L 2 
norms on compact subsets carried out by means of Toeplitz operators. 

Second, to complement the subadditivity property of Demailly, Ein, and 
Lazarsfeld, we obtain a superadditivity result showing that the variation of 
"J(mip), though not necessarily linear in m, is not far from being so if the 
singularities of (p are analytic. Specifically, the following holds. 

Theorem 0.1.2 Let ip be psh with analytic singularities on Q C C n . Then, 
for every H' CC O and every 5 > 0, we have : 

J(m<^)f n , C J(mp(l — 6)(p)\n', for every m > and p G N*. 

Here is an outline of our approach. In section 10.21 we recall the defini- 
tion of Toeplitz concentration operators and observe some basic properties. 
We then extend to the case of analytic singularities some asymptotic inte- 
gral estimates on the Bergman kernel previously obtained for smooth weight 
functions by N. Lindholm ([LinOl]) and B. Berndtsson ([Ber03]). While these 
results may have an interest of their own, we apply them in our case at hand 
to estimate the number N m of local generators needed for "J(m<p). In section 
10.31 Hormander's L 2 estimates ([H6r65]) and Skoda's L 2 division theorem 
([Sko72]) are used to prove an effective local finite generation property of 
3(m<p), and thus complete the proof of Theorem 10. 1.11 Section KOI deals with 
the different but related issue of estimating the subadditivity defect of multi- 
plier ideal sheaves. Demailly's procedure for locally approximating arbitrary 
psh functions by psh functions with analytic singularities ([Dem92], Proposi- 
tion 3.1) is revisited to get improved effective estimates on fixed-sized subsets. 
The key ingredient is once more Skoda's L 2 division theorem. Theorem 10.1.21 
then follows corollary. 

We believe that such effective estimates on multiplier ideal sheaves could 
be useful in the birational geometry of complex manifolds when singularities 
are resolved by blowing up the multiplier ideal sheaves encoding them. 
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0.2 Toeplitz concentration operators 

This section is intended to lay the groundwork for the proof of Theorem 
10. 1.11 by hinting at how a suitable orthonormal basis of t K^ l {irnp) and finitely 
many local generators of 3(mip) will be chosen. The actual choices will be 
spelt out in the next section. The key point is an estimate of the growth 
order of the number N m of local generators via asymptotic estimates on the 
Bergman kernel of independent interest. 

Let B CC Cl be a relatively compact open subset, typically a ball. Fol- 
lowing [LinOl] and [Ber03] (themselves inspired by [Lan67]), we consider, for 
every m G N*, the following Toeplitz concentration operator on B : 

T B ,m ■ 3in(mtp) -> "K u {mif), T B}7n (f) = P m (xB f), 

where xb is the characteristic function of B, and P m : L 2 (Cl, e~ 2mip ) — > 
l Hn('rrup) is the orthogonal projection from the Hilbert space of (equivalence 
classes of) measurable functions / for which \f\ 2 e~ 2mtf is Lebesgue integrable 
on Cl, onto the closed subspace of holomorphic such functions. It is easy to 
see that 

T B ,m(f) =XBf-U, 

where u is the solution of the equation du = d(x B f) of minimal e~ 2mip - 
weighted L 2 -norm. Alternatively, if we consider the Bergman kernel : 

+oo 

K mtp : CI x n -> C, K m(p (z, C) = ^2 am j( z ) a m,j{(), 

3=1 

its reproducing property shows that the concentration operator is also given 
as 

T B , m (f)(z) = [ K mip {z, C)/(C)e- 2 ^ (c) rfA(C), z e Cl, 
Jb 

where d A is the Lebesgue measure. It is clear that T B , m is a compact operator 
for it is defined by a square integrable kernel. Its eigenvalues X m> i > X m> 2 > 
... lie in the open interval (0, 1). If / G 'K^rmp) is an eigenvector of T B>m 
corresponding to some eigenvalue A, we see that ((T B>m (f), /)) = A||/|| 2 , 
and implicitly : 

x J B \f\ 2 e- 2m * 
Therefore, / G "K^irmp) is an eigenvector of T B m if and only if 
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f \f\ 2 e ~ 2mLp , 

/(^) = r 1 2mM / K mip (z,C)f(0e- 2mtp( °dX(0, zeQ, 



f B \f\ 2 e- 2m * 
which amounts to having : 



B 



f I f\2 e -2m<p +°° f 



L\f\ 

ier ha 

with Fourier coefficients as : 



On the other hand, every / G 'Knijmp) has a Hilbert space decomposition 



The uniqueness of the decomposition into a linear combination of elements 
in an orthonormal basis implies the following simple observation. 

Lemma 0.2.1 A function f G 'K^mip) is an eigenvector of Ts tm if and 
only if 
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fo- m je v — r \ t \i„-i min \ f a m,je 



for every j > 1 . 

We will be now studying the behaviour of the eigenvalues of Tb,w. as m — * 
+oo. Let us fix an orthonormal basis (a mi of 'Knimip) made up of eigen- 
vectors of Tg, m corresponding respectively to its eigenvalues A m> i > X m< 2 > 
. . . listed nonincreasingly. Let e > 0. Since Tg j?Ti is a compact operator, there 
are (if any) at most finitely many eigenvalues A m , i > A m , 2 > • • • > A m , Ar m > 
1 — e. In other words, 



/ k m ,i| 2 e- 2mv >---> / |cr m , Wm | 2 e- 2 ^>l- £ > / |cr m>it | 2 e - 
J_B Jb Jb 

for every > N m + 1. 

Lemma fO . 2 . II above shows, in particular, that the restrictions to B of the 
c m)J -'s are still orthogonal to one another. If we let 

+00 

B mip (z) := K mip (z, z) = } j \u m ,j{z)\ 2 = sup \f(z)\ 2 , z G (1) 

7^ /e-B(i) 

where -B(l) is the unit ball in !Kn(mip), the traces of Te jm and T| m are 
easily computed as : 
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Tr (Tb, m) = [ B mip (z)e- 2m ^ z UX(z), and 

J B 

Tr{T% t J = [ \K mv (z, C)\ 2 e- 2m ^e- 2m ^d\{z)d\{Q. 

J BxB 

We are thus naturally led to a search for asymptotic estimates of the Bergman 
kernel, preferably in the general context of possibly singular psh functions (p. 
Bearing in mind the analogy with the L 2 volume of a line bundle defined on 
a compact complex manifold in terms of global sections and characterized in 
terms of curvature currents, we set the following. 

Definition 0.2.2 The volume on B CC Q of a psh function ip on Q is de- 
fined as 

n! f 

v B (<p) := limsup — / B mip e~ mip dX, 
m^+oo m J £ 

where dX is the Lebesgue measure. 

It is our intention to study for which psh functions <p the volume Vb(<p) 
is finite. The outcome will be a control of the number N m of eigenvalues of 
Tb m which are > 1 — e. These eigenvalues will be seen to correspond to the 
local generators of 3(mip) whose growth rate is estimated in Theorem 10. 1.11 
The motivation lies in the following asymptotic estimates for the Bergman 
kernel associated with a smooth p, due to N. Lindholm (cf. Theorems 10, 11, 
and 13 in [LinOl]), and subsequently rewritten in a slightly different setting 
by B.Berndtsson (cf. Theorems 2.3, 2.4, and 3.1 in [Ber03]). The standard 
Kahler form on C n will be denoted throughout by uj. 

Theorem 0.2.3 (Lindholm, Berndtsson) Let p be a C°° psh function such 
that iddp > Cquo on Q CC C n for some constant Co > 0. Then : 

(a) v B (<p) = lim — n \ Bm ^z)e- 2m ^dX{z) = — {idBp) n ; 

(b) the sequence of measures on Q x Q defined as 

4r \K mv (z, C)| 2 e- 2m ^) e~ 2m ^ d X(z) d A(C) 
2 n 

converges to — (iddp) n A [A] in the weak topology of measures, asm — > +oo, 
where [A] is the current of integration on the diagonal of Q x Q ; 

(c) finally, lim — VA m , 3 = lim — VA^=- (iddp) n , 

i=i i=i 
and sznce A TOi i > • • • > A TO)Wm > 1 - £ > X„ hk , for k > N m + 1, we get : 
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lim — -N m = — / (idd(p) n and lim — \ A mife = 0. 

m^+oo m n 7T In m— >+oo 777,™ z — ' 

JB k=N m +l 

We now single out the major steps in the proof given to this theorem 
in [Ber03, p. 4-6], as they will be subsequently adapted to a more general 
context. The proof of (a) hinges on two facts. First, if Ai, . . . , A n are the 
eigenvalues of iddp with respect to u, the following pointwise convergence is 
established : 

1 2 ra 
lim — -B m ^z)e- 2m ^ = — X l (z)...X n (z), z G fi. (2) 

m— >+oo Ul 7T 

Indeed, having fixed an arbitrary point x G £1, the quadratic part po i n 
the Taylor expansion of (p near x is diagonalized in some local coordinates 
centred at x. While the distance between (p and po is under control, the 
mean-value inequality is applied to po to get the upper estimate of the left- 
hand side by the right-hand side. The converse estimate is obtained by means 
of Hormander's L 2 estimates allowing one to construct elements in 'K^mp) 
with a prescribed value at x and a global L 2 norm under control. These 
are local procedures carried out on small balls centred at x, and the desired 
estimates are obtained in the limit while shrinking the balls to x. 

Second, the mean-value inequality argument alluded to above also gives 
the following uniform estimate on a relatively compact open subset : 

tjI 2™ 
< — B mtp (z) e- 2m ^ <C — X 1 (z)... X n (z), z G B, (3) 

771" IX 

if m is big enough, for a constant C > independent of m. This is possi- 
ble since p is C°° and B is relatively compact. One can then conclude by 
dominated convergence. 

We will now prove that Theorem 10. 2 .31 is still essentially valid if we allow 
analytic singularities for ip (see definition (*) in the introduction), provided 
the current iddp is replaced throughout by its absoulutely continuous part 
{iddp>) ac with respect to the Lebesgue measure in the Lebesgue decompo- 
sition of its measure coefficients (into an absolutely continuous part and a 
singular part). We clearly have (iddp) ac = iddp if <p is C°°. 

We will split the analysis of the analytic singularity case into two steps 
according to whether the coefficient of these singularities is an integer or not. 

(a) Analytic singularities with an integer coefficient 

In this case, we have a complete analogue of Theorem 10.2.31 

Theorem 0.2.4 Let <p = | log(|gi| 2 + • ■ ■ + |(?Ar| 2 ) +u for some holomorphic 
functions g\, . . . , g^, some p G N, and some C°° function u on Q CC C n . 
Assume iddp > C oj for some constant C > 0. Then, for B CC Q, we have : 
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v B {<p) = lim — / B mv> e- 2 ^dX = - / < +00. 



[a) 

777," 

B B 



(b) the analogue of (b) in Theorem 1 0. 2. 3 holds, with convergence to 
2 n 

— (iddip)™ c A [A] in the weak topology of measures ; 

7T n 

(c) the analogue of (c) in Theorem \0. 2. 'A holds, with 

lir ? — N m = — / (idd^K+oc. 

The key observation in this new setting is that (iddip)^ is of locally fi- 
nite mass, and thus the integrals involving (iddip)^ c above are finite. Indeed, 
we can resolve the analytic singularities of tp by blowing up the ideal sheaf 
3 generated as an O^-module by g 1} . . . , g N . According to Hironaka, there 
exists a proper modification /i : Q — * Q, arising as a locally finite sequence 
of smooth-centred blow-ups, such that [1*3 = 0(—D) for an effective divisor 
D on Q. We thus get the following Zariski decomposition of the pull-back 
current : 

[i*(idd(p) = a + c [D], on f2, 

with a C°° closed (1, l)-form a > 0, where [D] stands for the Z)-supported 
current of integration on D. If 

V := {gi = ■ ■ ■ = g N = 0} 
is the singular set of cp, we clearly have J B {idd(pYac = Jfi- 1 ^) 

a n , and this 

quantity is finite since the smooth volume form a n has locally finite mass. If 
Ai, . . . , A n are the eigenvalues of iddcp with respect to to on Q \ V, this means 
that the product Ai . . . A n is integrable on B \ V . 

Proof of Theorem \0.2.1\ The overall idea is to run Berndtsson's proof of the 
smooth case (cf. [Ber03], p. 4-6) on Q \ V where (p is C°°. Thanks to the 
local nature of its proof, the pointwise convergence (J2J) still holds at points 
x G Q \ V. The main difficulty stems from the uniform estimate Q not 
being immediately clear near the singular set V. We claim, however, that 
the analogous uniform upper estimate does hold outside the singular set, 
namely : 



r?' 2 n 
< — B mv {z) e~ 2m ^ <C — X x {z)... X n (z), zeB\V, (4) 

if m is big enough, for a constant C > independent of m. 
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Assuming this for the moment, the strong Noetherian property satis- 
fied by the coherent sheaf 3(m(p) implies that B m e~ 2mip is integrable on 
Bccfi, since it is dominated there by a constant multiplied by a finite sum 
XI I^tojI 2 e~ 2mip . Its integral on B equals therefore its integral on B\V (as V 
is Lebesgue- negligible). Using now the key observation that \±(z) . . . X n (z) is 
integrable on B \ V, (a) follows by dominated convergence as in the smooth 
case. 

The proof of (b) in [Ber03] (p. 6-7) can be repeated on Q\V and extended 
across V in a similar way. Explicitly, what we have to prove is that for every 
compactly supported continuous function g on Q x Q, we have : 



lim -L / g(z,()\K mv (z,()\ 2 e- 2m ^e- 2m ^d\(z)d\(() = 

g(z, z) (iddtp) n (z). 



2 n 



7r n n\ 

n\v 

Again, (iddip)™ c having locally finite mass on Q implies the well-definedness of 
(idd(p)a C A[A] as a complex measure on Vlxil. If M := sup \g\, we notice that : 



l - J g(z, C) \K mv> (z, C)\ 2 e- 2m ^e- 2m ^d\(z) < 

<—l |^(z,C)| 2 e- 2m ^e- 2m ^)dA(z) = 4^(C)e- 2m ^ ) 

m n J f m n 

Q 

nn 

<2M — \ 1 (()...\ n ((), (en\v, 

where the equality above follows from the reproducing property of the Bergman 
kernel, and the last expression is locally integrable on Q \ V, by our key ob- 
servation. By dominated convergence, it is then enough to prove that : 

lim \ [ g(z, C) \K mv (z, Q\ 2 e' 2m ^ e~ 2m ^ dX ( z ) = 
n 

= ^^(C,C)Ai(C)...A n (C), (en\v. 

To this end, we can repeat Berndtsson's arguments showing the Bergman 
kernel to decay rapidly off the diagonal, namely that for every e > and 
every ( e \ V, we have : 

lim — / \K m Jz,O\ 2 e- 2m ^ z) e- 2m ^dX(z) = 0. 
m n J 

l*-CI>e 

The reproducing property of the Bergman kernel then leads to (6). Point (c) 
is an easy consequence of (a) and (b). 
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The whole proof of Theorem 10.2.41 thus boils down to establishing the 
uniform upper estimate (jH). We will proceed in several steps. 

Step 1. Assume <p = ip + log \g\ on Q, for some g G 0(f2) such that div g is a 
normal crossing divisor, and for some smooth and strictly psh ip on Q. Then 
V = {g = 0} and iddcp = iddip on \ V. 

Thus / e O(fi) satisfies 1 = J Q \f\ 2 e~ 2m ^ = J n ^e- 2m * if and only if 
f = g m h for some h G O(fi) satisfying J n \h\ 2 e~ 2m ^ = 1. This means that 
£ mv ? = \g\ 2m B mi( ,, and we get : 

^ e" 2 ^ = ^ e" 2m ^, on fi. 
m" m 

This last expression satisfies the uniform upper estimate claimed in (J3J) on 
B CC thanks to the Berndtsson-Lindholm inequality @ applied to the 
smooth function ip. Notice that, in particular, this yields : 

Ufl(^ + l0g|^|) = v b (i/j). 

Step 2. Assume (p has locally divisorial singularities; namely, every point 
in Q has a neighbourhood on which ip = if) + log \g\ for some holomorphic 
function g such that div g has normal crossings, and for some smooth strictly 
psh function ip. 

Let U CC O be a pseudoconvex such neighbourhood. It is clear that the 
unit ball of 'K^rrup) injects into the unit ball of < Ku(rrup\u) under restriction 
to U. Therefore, in the light of (0), we get : 

— B e~ 2m ^ < — B e~ 2mv = — B , e~ 2m ^ on U 

The last term satisfies the uniform upper estimate claimed in (J1J on U \ V 
thanks again to the smooth case applied to ip. The resulting constant C > 
depends on U, but we get a constant independent of m for the estimate on 
B\V after taking a finite covering of B by such open sets U. 

Step 3. Assume <p = | log( | t7i | 2 + - ■ ■ + \gN\ 2 ) + u on Q, for some holomorphic 
functions gi, . . . , g^ and some smooth function u. 

Let J := (gi, . . . , g^) C 0^ be the ideal sheaf generated by gi, . . . , g^, 
and let /i : Cl — > f2 be a proper modification such that 
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Q is a smooth manifold, and E is an effective normal crossing divisor on 
Q. The divisor E can be locally represented as E = divg, for some locally 
defined holomorphic function g. We then get, locally on Cl : 



(p o /J, 



V 



log 



9i ° At 
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+ • • • + 



g N o n 



9 



+ u o jj, + log |<f 



^ + log|# p |, 



where ip is a smooth strictly psh function. Thus </? o /j, has locally divisorial 
singularities and satisfies the hypotheses of Step 2. In passing from Bergman 
kernels defined on bigger sets to Bergman kernels defined on smaller sets, we 
shall need the following comparison lemma. 

Lemma 0.2.5 If U CC Q is a pseudoconvex open subset, the Bergman ker- 
nels associated with the weight rrup on fl and respectively U : 



B m ip,n ■ ^ ^ \o~m, k\ i B mi pij . ^ ^ \^m, k\ ; 

k=0 k=0 

defined by orthonormal bases (cr„ hk ) keN and (/i m ,fc)fceN of the Hilbert spaces 
!Kci(mif) and respectively "Kuirmp), can be compared, for every m GN, as : 



B mip ,n < B mif>jB < C n:djr B m(P: n on any U CC U CC 



n, 



where C nt d, r > is a constant depending only on n, the diameter d offl, and 
the distance r > between the boundaries of Uq and U . 

Proof. As the restriction to U defines an injection of unit ball of "K^(mip) 
into the unit ball of !Kb(ttkp), the former inequality follows. For the latter 
inequality, fix x e U and let / G 0(U) such that J v \f\ 2 e~ 2mip = 1 be an 
arbitrary element in the unit sphere of ( Ku{™<¥)- We use Hormander's L? 
estimates ([Hor65]) to construct a holomorphic function F e "Kn(m(p) such 
that F(x) = f(x) and 



||F|^-,<2(l + C„^) J\f\ 

Q U 



2 ^—2mip Qt 



n,d,r- 



This is done by solving the equation : 
Bu = d(6f) onfi 

with a cut-off function 9 G C°°(C n ), Supptf CC U, 9 = 1 on U CC U, and 
with the strictly psh weight rrup + n log \z — x\ + \z — x\ 2 . There exists a C°° 
solution u satisfying the estimate : 
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u\ 


2 


\z ■ 




x\ 


2n 



e ~2rrup e ~2\z-x\ 2 ^ 2 I l/P £ -2my c ~2\z-x\ 2 



\Z — X 



2n 



n n 

Due to the non-integrability of \z — x\~ 2n near x, we have u(x) = 0. Thus F 
is obtained as : 

F-=9f-ue 0(fi). 



Now F/ \jC n ^d, r belongs to the unit ball of < Kn{mip), and we get : 

\f(x)\ 2 = \F(x)\ 2 <C n , d , r B m ^ n (x), 

which proves the latter inequality by taking the supremum over all / in the 
unit sphere of "Hu(rrup). □ 

We now resume Step 3 of the proof of Theorem IU.2.41 We may assume, with- 
out loss of generality, that the Jacobian of \i is globally defined on Q. 
Otherwise we can work on smaller open subsets of Q contained in coordinate 
patches and the previous Lemma [0.2. 51 shows that the Bergman kernels are 
only distorted by an insignificant constant C n ^,r independent of m. A change 
of variable shows that, for each a m j, we have : 

1 = j \a m , 3 \ 2 e- 2m *d\= j \a m<J \ 2 e- 2m *d\ 
n n\v 

= j \a mtJ o^\ 2 \J ll \ 2 e- 2m ^dV = yVm^H 2 W 2 e~ 2mw W, 

n\SuppE n 

for a suitable volume form d V on Cl. Consequently, if B mtpofl is the Bergman 
kernel associated with rrup o fi and the volume form dV on Q, we have 

■Bfntpofj, \Jfi\ B mi p o fl. 

Thus, proving the upper estimate claimed in (j3j) amounts to proving : 
tjI 2 n 

— B m ^ e~ 2m ^ < C — | J,\ 2 \ x o n . . . \ n o /i, (5) 

m n ft" 7T™ 

on \ Supp E, since /i defines an isomorphism between Q \ Supp E and 

fi\ V, and J M does not vanish on f2\Supp E. If A 1( . . . , A n are the eigenvalues 
of idd(ip o /i), it can easily be seen that 

I 1 2 A i o /i. . . \ n o /j, = Ai . . . X n . 
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Meanwhile, ipofj, has locally divisorial singularities, and Step 2 can be applied 
to get the uniform estimate (JHJ) which proves the uniform estimate claimed 
in (j3J) and completes the proof of Theorem 10.2.41 □ 

(b) Analytic singularities with arbitrary coefficients 

Let us first consider the case of divisorial singularities with noninteger 
coefficients. For the sake of simplicity, we assume that our domains are poly- 
discs, Q = D n and B = D™_ £ , where D (respectively Di_ E ) is the unit disc 
(respectively the disc of radius 1 — e) in C. 

Proposition 0.2.6 Assume that <p(z) = i/j(z) + c\ log |zi| + • — V c n log \z n \, 
with ip(z) — ipi(zi) + • ■ • + ip n {.Zn) for some C°° functions if)j on C depend- 
ing only on \zj\ respectively, and some constants Cj > 0, j = 1,..., n. If 
iddip > C uj for some C > 0, then : 

v B (il> + E Cj log l^-l) = v B (ip) = — / {iddil)) n < +oo. 

j=l n JB 

Proof. Only the first equality needs a proof. The second equality follows from 
Theorem 10.2.31 for smooth functions. To begin with, we shall prove that : 

J Bmv e-^ d X>jB m ^UX, for eve ry m EN*, ,6) 

B B 

which clearly implies that 

n 

VB^ + ^Cj \0g\Zj\) > v B (ip). (7) 
3=1 

Fix m G N*, and let a,j := {m Cj} for j — 1, . . . , n, where { ■ } stands for the 
fractional part. As already noticed at Step 1 in the proof of Theorem 10.2.41 
we have : 

R p -2mip _ r> -2rmp-ai log \zi\ a n log|z n | 

u mif> c ^mAp-Yax log \z\\-\ Ya n log | z n \ ° 

n n 

This already implies that Vb($ + E c j l°gl z jl) = v b($ + J2i c j} l°sl%'l)> 

3=1 3=1 

and thus we may assume, without loss of generality, that < Cj < 1 for 
j = l,...,n. 

Since a 3 - < 1 for every j, the exponential e~ 2mip is easily seen to be lo- 
cally integrable (the integral being a product of integrals depending each 
on one complex variable) . Thus all the monomials z a = z" 1 . . . z" n , a = 
(ai, . . . ,a n ) G N n , make up a complete orthogonal set of J{^(nnp), which 
becomes an orthonormal basis after each monomial is normalized to have 
norm 1. We thus get : 
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x " |2(a 3 — o,-) e -2m^ 



Jo 

and the analogous formula for mi/j : 



-oo n 



I ~7 1 c 



"1 «n=0i=l / \ Zj \ 2a i e- 2m ^U X^Zj) 

Jd 

It is then enough to prove that, for every j, we have : 



Dl - £ > . (8) 

^(ay-a,) e -^ dAl ( z .) / |^|2^ e-^dX^zj) 

d Jd 

Taking polar coordinates z^- = r 3 - /fy, < r 3 - < 1, G S 1 , we are then reduced 
to proving that, given a C°° function u > and a constant < c < 1, we 
have : 

l-e j /-l-e 

a; 2fc+1 u(x) —z-dx I x 2k+1 u(x) dx 



X 



> Jo 



x 2fc+1 rfx / x 2k+1 u(x) dx 



o x Jo 

or equivalent ly, that : 

f £ x 2k+1 u(x)-^dx [ x 2k+l u{x)^- c dx 

JO x L > Jl-e X C 

l-e — [-1 ) 

x 2fe+1 u(x) dx / .x 2fe+1 u(a?) dx 

./l-e 

which is clear since the left-hand side is > j^Wc , and the right-hand side is 
< ( . 1 _ 1 £ p e . Inequalities © and (J7J) are thus proved. 

We shall now prove that : 

n n 

v B (i> + J2 c 3 lo gl%l) <v B {i/> + J2 l °Z\ z i\)- ( 9 ) 

j=i i=i 

Let f (z) := ^(2) + log \zi\ + ■ ■ ■ + log \z n \. The monomials z a = z" 1 . . . z% n , 
with a>x,...,a n > m, make up a complete orthogonal system of ^Kq^itiv). 
Therefore, 
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+oo 

-2mip(z) 





\zi\ 


2(qi-1) 




Of rv 1 \ 




r 1*1 

n 


2(ai-l) |~ 


|2(q 


n-1) g— 2mip(z) 



e n 



ai,...,a n 



which entails : 



D 



ip i n +°° / 

i/M.)«-«iA(.)4nE^ 

JjB j=loy=l / 

JD 



> 

m 



ID JD 



> AllfE^ 1 

mn j= i V Qj=Q / \ Zj \ 2 ^-^ e - 2m ^fe) d Ai^-) 

n 



> \ ! B mlp e~ 2m * d\ n --Y j -^T / ^« fe ^ 2mUfc d A n _x 

fc=l 



-l) n 



fell ^2 

where we have denoted u k {zi, . . . , 4, • • • Zn) := ^(z) - ^fc(^fc) - Cfc log |z fc |, 
and the analogous expressions when several indices are missing. The k- 
dimensional Lebesgue measure has been denoted dX k - Note that as we as- 
sume < Cj < 1, the first inequality above is implied by estimate (JBJ) with 
atj replaced with aij — Cj, and Cj replaced with 1 — Cj. 

We can thus run an induction on the dimension n. If we assume the finiteness 
of the volume for psh functions of the form under consideration defined in 
less than n variables, all the terms appearing on the right-hand side, except 
the first one, tend to as m — ► +oo. Inequality (JOJ) is then what we get in 
the limit. 

Now, as already noticed (e.g. at Step 1 above), 

n 

i=i 

which, alongside inequalities (J7|) and 0, completes the proof. □ 
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We can now round off the study of the finiteness of the volume of a 
psh function in the case of general analytic singularities with arbitrary (not 
necessarily integer) coefficients. 

Proposition 0.2.7 Let ip = | log(|gi| 2 + • • • + | <7tv 1 2 ) + u, for some holomor- 
phic functions gx, . . . , g^, some c > 0, and some C°° function u onQ CC C n . 
Assume iddip >Cquj for some constant Cq > 0. Then : 



n \ r 

v B if) ■= lim sup — / B mtp e 2mtp dV < +oo. 

m— >+oo tTl J 
B 



Proof. Let J = (gi, . . . , g^) C Oq, and let \i : Q — > Q be a proper mod- 
ification such that Q is smooth and /i* J = 0(—E) for an effective normal 
crossing divisor E on Q. The change of variable formula shows, as at Step 3 
in the proof of Theorem 10.2.44 that 



If we cover by finitely many open polydiscs such that E = divg^ 

on Uk, and use the observation made at Step 2 in the proof of Theorem l().2.4l 
on the behaviour of Bergman kernels under restrictions, we see that : 



v 



M -i(B) 



Now, ip o [j,\ Uk can be written in the form of functions ip considered in the 
previous Proposition 10.2.61 Therefore, vu k (ip o [i\u k ) < +oo for every k. This 
completes the proof. □ 

The conclusion of these considerations about the volume of a psh function 
with analytic singularities is that if A mjl , . . . , \ m ,N m ar e those eigenvalues of 
the concentration operator Te m that are > 1 — e, for some < e < 1, then 
their number can be estimated as : 



N m < ^ = 0(m n ), for m » 1. (10) 

1 — e n\ 

0.3 Effective local finite generation 

In this section, we will prove Theorem 10.1. 11 Let (a mi j)j e ^* be an or- 
thonormal basis of < Ko i {rrup) made up of eigenvectors of the Toeplitz concen- 
tration operator Ts, m discussed in the previous section. Recall that we are 
looking for finitely many among these that generate the ideal sheaf 3(mip) 
on B CC Q. 
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Definition 0.3.1 A nonzero function f G J{.n(mip) is said to be 5 -concentrated 



S B \f\ 



2 g— 2m<fi 



on B, for some 5 > 0, if B ' " > 1 - 8. 

J n \f\ 2 e- 2m v 

Since the restrictions to B of the (J m ^ j S cLI*6 still orthogonal to one another 
(cf. lemma 10.2.1)1 . an element / in the subspace of "K^imp) generated by 
cr m ,i> . . . , <7 mj Ar m is e-concentrated on B, like its generators. The following 
simple observation shows that the converse is not far from being true. 

Lemma 0.3.2 Let f G 'K^imp) be e 2 -concentrated on B. Then, there is 
an element g in the subspace of < K^ l (imp) generated by the e- concentrated 
u m ,i,...,ff m ,iv ra such that f Q \f - g \z e ~ 2m v < e $ n \f\ 2 e~ 2m * . 

Nm +00 

Proof. We may assume that J n \f\ 2 e~ 2mip = 1. Let f = a j a m,j+ Yl a k °~m, k 

3=1 ' k=N m +l 

be the decomposition of / with respect to the chosen orthonormal basis of 

+oo 

3in(m<£>), where a& G C. Then, \ a j\ 2 = 1> an d 

3=1 



/ \f\ 2 e- 2m * = YVf / |a mii | 2 e- 2 "T We then get : 

, =1 JB 

/ \f\ 2 e~ 2 ^ = V|a/ / |a miJ | 2 e- 2 -<e 2 . 



+oo 

Since |o" mifc | 2 e -2 "^ > e, for every > iV m + 1, we get |a fc | 2 < e. 

k=N m +l 

N m _ 

If we set g := a, cr mj j, the lemma is proved. □ 

3=1 

This strongly suggests where to turn for the most likely choice of finitely 
many local generators for 3(mip). For a small given e > 0, let a m> i, . . . , o" m , 7v m 
be those elements which are e-concentrated on B (cf. Definition I0.3.1|) . We 
will now show that, if e is well chosen and m is big enough, the ideal sheaf 
3(m<p) is generated, on a relatively compact open subset, by a m} i, . . . , <r mj N m , 
with an effective control of the coefficients. We shall proceed inductively. The 
crux is the following approximation to order one of a local section of 3 (imp) 
by a finite linear combination of <r mj j's. The standard Kahler form on C n is 
denoted throughout by u>. 

Lemma 0.3.3 Let ip be a strictly psh function on a bounded pseudoconvex 
open set Q C C n such that idd(p > CqU for some constant Cq > 0. Let 
B := B(x, r) CC Q be an arbitrary open ball. Then, there exist e > and 
irtQ = itlq(Cq) G N such that, for every m > mo, the following property holds. 
Every g G 'Kb^'p) admits, with respect to the e- concentrated a m j 's, a de- 
composition : 
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N m n 

9( z ) = Yl °i ° m ^{ z ) + ^( z i - x i) h i( z )> z <E B, 

3=1 1=1 

N„ 



- 1 * m p 

with some Cj G C satisfying \cj\ 2 < C N m / \g\ 2 e~ 2mip , and some holo- 

,=i Jb 



morphic functions hi on B , satisfying : 



V / N 2 e- 2m ^<C f \g\ 



2 —2mip 



where C > is a constant depending only on n, on r, and on the diameter 
of SI. 

Proof. We may assume, without loss of generality, that x — 0. Let 6 G 
C°°(Q), < < 1, be a cut-off function such that Supp C -B, 9 = 1 on some 
arbitrary 5' := 5(0, r') CC -B, and < -. Let us fix some g G CH^my?) 
such that C g := J B |g| 2 e~ 2mip < +oo. We will now use Hormander's L 2 
estimates ([Hor65]) to solve the equation : 

du = B(9g), on fi, 

with the weight mip(z) + (n + 1) log \ z\. We get a solution -u G C°°(f2) such 
that : 



e -2mip 



\de\ 2 \ 


5! 


2 


\z\ 


2(n+l) 





I0I 


2 


M 


2(n+l) 



f l^r e - amy< 1 f!W e - Jffl , < 9j_ f 



(11] 

Put F m := 6g — u G ^{^(^v 9 ) an d § e t the decomposition g = F m + (g — F m ) 
on B. The above estimate for u implies : 



Jb \A 2(n+l) ~ Jb\b> \A 2(n+l) Jb\z\ 2 ^ U j 
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■9\ 


2 


#1 


2 




z\ 


2(n+l) 





I/, 


2 


2 


2(n+l) 



< C(r, r', d) C 9 , 

with a constant C(r, r', d) > depending only on r, r', and the diameter d 
of f2, if m is chosen so big that 77^— < 1. 

' Com 

We shall now apply Skoda's L 2 division theorem (cf. [Sko72]) to obtain : 



g(z)-F m (z) = ^r t z l v l (z), zeB, (13) 
1=1 
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for some holomorphic functions Vi on B satisfying Ya=i Ib lip™ e 2mLP — 
2C(r, r', d) C g . Since \z\ 2n < r 2n , for z G B, we get : 

n „ 

V / |^| 2 e- 2m ^ < d(r, r', d) C ff , (14) 
1=1 ^ 

where Ci(r, r', d) = 2r 2n C(r, r', d). As for F m , the obvious pointwise in- 
equality \F m \ 2 < 2{\6 g\ 2 + |w| 2 ), combined with estimate (fTTj) for w, gives : 



/ \F m \ 2 e~ 2m * <C{r, r>, d)C g , 
Jb 



after absorbing an extra <i 2(n+1 ) in the constant C(r, r', c?). On the other 
hand, the factor in the estimate (jllj) for u shows that if m is chosen 
big enough, the L 2 norm of u on Q is very small in comparison with the L 2 
norm of g on B. This is where the strict psh assumption on (p comes in. Since 
F m = 9 — u on B' and F m = —u on Q \ B, we get, for m big enough and 
some constant C\ = C\(Cq) > independent of m : 



m 



In 


\F 


1 2 g— Irrup 


In 


F 


2 g— 2rmp 



< 1. 



In other words, F m is —-concentrated on B. Fix some small e > whose 
choice will be explained later. If m e is chosen such that — < e 2 for m > m e , 
then F m is, in particular, e 2 -concentrated on B. Then, lemma I0.H.2I shows 
that in the decomposition : 

N m +oo 

F m {z) = ^2 / a j a m ^(z) + ^ a k&m,k(z), z e tt, 

3=1 k=N m +l 

of F m with respect to the chosen orthonormal basis of tKn(m<p), we have : 

+00 Nm 

\a k \ 2 <C(r,r',d)eC g , ^ |a,| 2 < C(r, r', rf) C 9 . (15) 

fe=iV ro +l j=l 
+oo 

If we set gi(z) := ^ a>kCm,k(z), ([IBj) gives the decomposition : 

k=N m +l 
N m n 

a j Pmjiz ) + J2ziV l {z)+g l {z), zeB, (16) 

3=1 1=1 

with an effective control of the a/s and vis (see (|T5|) and ((HI ), and such that : 
\ 9l \ 2 e- 2m * < \ 9l \ 2 e- 2m * = \a k \ 2 <C(r,r',d)eC g . 

n k=N m +l 



' B 
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Our aim is clearly to get rid of this "small" g\ in (jlfij) . The idea is to iterate 
the previous procedure with gi instead of g such that the unwanted term in 
the decomposition (|16|) becomes smaller and smaller at each step. We shall 
see that if m is chosen big enough and fixed, this error term disappears as 
the number of iterations tends to +00. 

If we replace g by we get the following decomposition analogous to (JTfij) : 

N m n 

9i( z ) = / ] Q i, 3 a rn,j( z ) + /] z i v i,i( z ) + 92{z), zeB, with 

3=1 1=1 

b 92?e- 2m *< (c{r,r',d)^j C g , 

^ \n, .I 2 <- Cir r-' r1\ I Hfv r-> WW 1 f _ 



X)Kil J <^ r', d)(C(r, r', d)eJC fl 

S / K^e" 2 "^ < C x {r, r\ d) (c(r, r', d) e) C g , 
1=1 J B ' 



which further gives : 

AT, 



= ( a i + ai .i) (7 w,i(^) + + u i,i( z )J +#20), 

j=i ^ ^ z=i ^ ' 

for every z e B. We can now indefinitely iterate this procedure with #2 in- 
stead of the original g. After p iterations, we get the decomposition : 



N m / \ 

9( z ) = ^2 ( a i + fll >J H h Op-iJ ) cr m,i( 2: ) + 



+ J2 z i ( + v i,i( z ) "I 1" V-vO) + 9 P ( Z 



for every z & B, with estimates : 



J B \g P \ 2 e- 2mv < (c(r, r 1 , d)eja 

JV m ✓ \ p— 1 

^ [ap_i ti | a < C(r, r', d) (c(r, r', d) e J C, 



(17) 



N m / ^ p-i 

i=i v 7 

it J B \v P -i,i\ 2 e~ 2mip < Cx(r, r', d) (c(r, r', d) C s , 

Let us now set e := C(r, r', d) e, := a 7 - + aij + ■ •• + ftp-ij, and 
Vf := + Vij + ■ • • + u p _i,|. On the one hand, we get : 
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s N m x i N m N m Nm N m 

( E i<f i 2 ) * E i^'i £ E w + E kii + -"+E i<v«i 

V i=l ' j=l j=l j=l j=l 

< (iV m C(r, /, d) C ff J 2 (1 + 4 + • • • + = [N m C{r, r>, d) C g j ' ±=4. 
On the other hand, if 1 1 • 1 1 stands for the e _2m ' p -weighted L 2 norm, we get : 



Elh (p) ll<v^ 
i=i 



(E Nl 2 )* + (E \\vi,i\\ 2 ) h + ■ ■ ■ + (E \\v P -i,i\\ 2 ) h 
i=i i=i i=i 



< y/ndir, r', d) C g (1 + e\ + • • • + e/) = yJnC^r, r>, d)C g - 



l-5 2 



by using the Cauchy-Schwarz inequality and the previous estimates on v^i's. 
We finally get : 

£ibhi 2 < (£11^11) <^i(^> ^(r=7=) c r 

for every p G N*. Let us now choose e so small that £o := C(r, r', d) e = \. 
By letting p — > +oo, the estimate (|T7|) shows that g p disappears from the 
expression of g, and we get : 

N m n 

g{z) = a m,j{z) +^2zihi{z), ZEB, 

j=l 1=1 

with Cj G C obtained as limits of , and holomorphic functions hi on 

5 obtained as limits of v\ ; , satisfying the estimates in the statement, after 
possibly replacing 4 C(r, r', c?) and 4 n Ci(r, r', d) by the maximum C of these 
two constants. Lemma fO. 3. 31 is proved. □ 

We can now run an induction argument using lemma ID. 3. 31 repeatedly to 
get, at every step p, an approximation to order p of the original local section 
g of 3{rrup) by a finite linear combination of oVn./s. The following is a slightly 
more precise rewording of the first part of Theorem 10. 1.11 

Theorem 0.3.4 Given if such that iddip > CqU, and having fixed a ball 
B := B(x, r) CC Q, there exist a ball B(x, r ) CC B(x, r), e > 0, and 
tuq = mo (Co) G N such that for every m > mo the following property holds. 
Every g G IKb(™^) admits, with respect to the e- concentrated a m j's in an 
orthonormal basis ofKQ,{m(p) made up of eigenvectors ofTB, m , a decompo- 
sition : 

g(z) = ^2 a m,j(z), z G B(x, r ), 

3=1 
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with some holomorphic functions b m j on B(x, r ), satisfying : 



N m „ 

sup ^ \b m j\ 2 < C N m / \g\ 

B(x,r ) j=1 JB 



where C > is a constant depending only on n, r, and the diameter of Q. 

Proof. We may assume, without loss generality, that x = 0. Fix e > as 
in lemma IT).3.3| associated with an arbitrary fixed open ball -8(0, r') CC 
B(0, r). Let g G ^ B (mif) with C g := J B \g\ 2 e~ 2m ^ < +oo. Lemma HUOl gives 

N m n 

a decomposition g(z) = Yl a j cr m,j(z) + Z\ x hi 1 (z) for every z G -8(0, r), 

i=i ' h=i 

with coefficients under control. We now apply lemma ID. 3. 31 to every function 

hi x , l\ = 1, . . . , n, and get : 

N m n 

h h( z ) = E^' 1 o- m j(z) + ^z h h hih (z), z G -8(0, r), 
j=i i 2 =i 

with constant coefficients Qj t i 1 G C, satisfying : 



n N m n „ 

EE^^^E / \ h h\ 2 e~ 2mip <C 2 N m C g , 
h=ij=i h=i Je 



and holomorphic functions h\ u i 2 on .8, satisfying : 

n n „ n „ 

EE / l^,/ 2 | 2 e- 2mv <C^ / M 2 e- 2 ^<C 2 CV 
i 1= n 2 =i^ B i 1= i^ B 

We thus obtain, after p applications of lemma 10.3.31 the decomposition : 

Nm / p— 1 n \ n 

</(*) = E (°' + E E a hh,-,l» Z h ■■■ZlA <Tm,j(z)+ Z h--- Z lv V h,-,h 
3=1 ^ v=l h,...,l v =l ' h,...,l p =l 

for every z G -8(0, r), with coefficients % i / 1) ... ) i I/= i G C and v^,...,^ G 0(8(0, r)), 
satisfying the estimates : 

n N m 

E J2\ a ^-,iA 2 <C u+l N m C g , v = l,...,p-l, 

h,...,l„=l j=l 



n „ 

E J B K,.,i P \ 2 e- 2mip <C p C g 

hy—> lp = l 



oo n 

We now put b mJ (z) := a 5 + a j,h,-,i„ z h ■ ■ ■ *i„> for j = 1, . . . , JV m , 

i/=i Ji,..., /„=i 

and will prove that the series defining b m> j converges to a holomorphic func- 
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tion on some smaller ball B := B(0, r ), and that, with an appropriate 
choice of tq, we have : 

SUp \ b m,j\ 2 < m -7JV2 C N ™ C r 

B(0,r )~~[ [L-r/d) 

Since sup \z^ . . . zi v \ 2 < Tq u , we get, for every 1 < v < +00 and every 

B(0,ro) 

z G -8(0, r ), the estimate : 



N m n 



N„ 



Yl Hh,..,i» z h ■ ■ ■ z i» <ri u Y,[ E \ a i^ 

3=1 h,...,l u =l j=l Mi,...,Z„=l 

N m n / \ u 

<r 2 w n»J2 E Kiu-M 2 <[nr 2 C) C N m C g 
j=i h,...,i u =i x ' 



1 lis 



2;/ 



CN m C g} 



r 1 

if we choose tq = — . The remaining arguments are purely formal. Put : 

a y/nC 

n 

F v ,j-= E a j,h,..,i» z h ■ ■ - z iv> for z/ > 1 and j = 1,..., iV m , 
h,...,i„=i 

F j = aj, forj = 1,..., N m . 

+00 

Since b mJ = 2J F v ,j, for j = 1, . . . , N m , we get : 



u=0 



I +OO / N; 



l=0 ^j=l 



r 



u=0 



l-r/d 



\/ C N m Cg, 



at every point in -8(0, r ). If we absorb the denominator in the constant 
C > 0, the proof is complete. □ 

Remark 0.3.5 In retrospect, we see that estimate (Q7J) which concluded sec- 
tion \0 . b A clearly proves the last statement of Theorem \U.l.l\ in the introduction. 
The proof of this theorem is now complete. 

Corollary 0.3.6 Under the hypotheses of Theorem 0.3. 4 , the following es- 
timate holds : 

+ OO Nm 

E \ a m,A z )? <CN m ^2 Wm,j(z)\ 2 , z e B(x, r ). 

J=l j=l 
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+oo 

Proof. As \a m j(z)\ 2 = sup \f(z)\ 2 , where B m (l) is the closed unit ball 

3=1 ' feB m (i) 

in < Ksi(rrup), and as every such / has a decomposition as in Theorem 10.3.41 
on B(x, ro), the estimate follows from the Cauchy-Schwarz inequality. □ 



0.4 Regularization of plurisubharmonic functions 

We now turn to the second part of the paper. A by now classical result of 
Demailly's ([Dem92], Proposition 3.1.) states that a psh function ip with ar- 
bitrary singularities can be approximated by psh functions ip m with analytic 
singularities (cf. (*)), constructed as 

1 + °° 1 

<Pm{z) = 7T~ log 22Wm,j{z)\ 2 = SUp — log\f(z)\, Z E tt, (18) 
Zm j=1 f&B m (l) m 

where (& m ,j)jeN* is an arbitrary orthonormal basis, and B m (l) is the unit 
ball, of the Hilbert space 'K^irmp) considered in the previous sections. We 
even have : 

C 1 C 

V{z) " < <Pm(z) < SUp (f(C) + — log(-|), (19) 

m |C-^|<r m r 

for every z G Q and every r < d(z, dQ). The lower estimate is a consequence 
of the Ohsawa-Takegoshi L 2 extension theorem. The upper estimate is far 
easier, coming from an application of the submean value inequality satisfied 
by squares of absolute values of holomorphic functions. Our aim is to im- 
prove the upper estimate by replacing the supremum by a pointwise upper 
bound which affords a much better understanding of singularities. This is 
not possible for an arbitrary ip, but the following proposition shows it to be 
possible if ip is assumed to have analytic singularities. 

Theorem 0.4.1 Let Q CC C n be a bounded pseudoconvex open set, and let 
ip = | log(|(?i| 2 + • • • + | <?iv 1 2 ) be a plurisubharmonic function with analytic 
singularities on Q. If Q' CC Q" CC Q are relatively compact open subsets, 
then for every 5 > and every m > , we have : 

<p m (z) < (1 - 5) <p(z) + c 5 log A + lQg(C " (m ° ~ n)) , zeil', 

m 

where A := max{sup a/I^iI 2 + ' ' ' + \9n\ 2 , 1}, an d C n > is a constant de- 
ft" 

pending only on Q', Q", and n. 

Remark 0.4.2 The upper bound given in Theorem 10.4.11 combined with 
Demailly's lower bound in inequality^! implies that ip and its regularizations 
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ip m have the same — oo poles on Cl', if m is big enough. Only the Lelong 
numbers may be slightly different. Since the set of poles of an arbitrary psh 
function ip is not necessarily analytic, whereas the polar set of ip m is always 
analytic, we see that some analyticity assumption on ip is necessary. We may 
ask for the weakest such assumption on ip under which Theorem 10.4. II holds. 

Proof. Fix < 5 < 1. Let m > ^±2, and let / be an arbitrary holomorphic 
function on Cl such that : 

\f\*e-* Wp = 1 * I n |2~T i 2 w = 1 - 

Jn [\gir + --- + \9N\ 2 r c 

We clearly have mc > n + 2 ; put q := [mc] — (n + 1) > 1. Then Skoda's 
L 2 division theorem ([Sko72]) gives the existence of holomorphic functions 
Ki,...,i q on f° r an multiindices (ii, . . . ,i q ) G {1, . . . , N} q , such that : 

TV 

f( z )= h h,-,i q ( z )9h( z )---9i q ( z )> zeCl, 

h,...,i q =l 

and 



N 

E 

h,...,i q =l 





hil,...,i q 


2 


(\9i\ 


2 + 


■•• + 1. 


9/vl 


1~ymc—q 



< 



mc — n f |/| 2 

<^ / 777, c — Ti 

~ mc-[mc) + l 7^ (l^il 2 -h - - - -h ~ 



Put \g\ 2 := l^il 2 H h \9n\ ■ As Cl" satisfies Cl' CC CI" CC CI, we get, for 

every z G Cl' : 

IV 



i/wr<i^r £ iv...A(*)i a < 

ii,...,i 9 =l 

- /■ 

<C n \g(z)\ 2 « J 



h,...,i q =l 
N 

I I / ) . I - 

2(mc— q) 





hii,...,i q 


2 


(\9i\ 


2 + 


■ • • + 1: 


9/v! 


2jmc- g 



<C n (mc-n) (supb|) 2 ^ c ^b(z)| 2 « 



a" 



where C n > is the constant involved in the submean value inequality ap- 
plied to every \hi ly „ } i q \ 2 at z, and thus depending only on the open sets Cl', Cl", 
and on n, but independent of m. We can see, since A = maxjsup \g\, 1}, that : 

Q" 

C n (mc - n) (sup \g\) 2 ( mc ~^ <C n {mc-n) A 2i ~ mc - q \ 

U" 

We thus get : 
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|/(z)| 2 e- 2m(1 -^ (2) < C n (mc-n)A 2{mc - q) 



\g( z \\1{[mc]-n-l) 



\g(z)\ 2m < l - s ) 

= C n {mC-n) A 2(mC ~ q) \g^(mcS-n-l-{mc-[mc])) ^ z £ Q , 

Since m has been chosen such that mc5 — n — 2 > 0, the exponent 2(mc5 — 
n — 1 — (mc — [mc])) above is positive, and we thus finally get : 

\f{ Z )\ 2 e" 2 ^ 1 " 5 )^) < C n {mc - Tl) A 2{mC ~ q) A ^5-n-l-(mc-[mc])) 

= C n (mC-n) A ^cS-n-l+[mc]- q ) = ^ ( mc _ n ) A 2mcS , 2 G Of. 

By taking log and dividing by 2m on both sides, we get : 

M*) <(!-*) ¥>(*) + log A + l0g(C " (mC " B)) , * G tf, 

m 

The proof is complete. □ 

Remark 0.4.3 If in Theorem \0.4-1\ the psh function with analytic singular- 
ities is given, more generally, as (p = ~ log(|gi| 2 + • • • + \gN\ 2 ) + v, for some 
C°° psh function v, then the estimate is modified as : 

<p m (z) < (l-S)(p(z)+c6 log A + lo ^ C ^ m c Z n )) + sup v _ (i _ S ) 

m ci" n " 

for every zeSl' and every m > 

Theorem 10.1.21 stated in the Introduction appears now as a consequence 
of Theorem 10.4.11 

Proof of Theorem 10.1.21 As repeatedly pointed out above, the ideal sheaf 
3(rri(p) is generated as an O^-module by the Hilbert space < K^ l {mip). Now, 
by the definition (JTSj) of (p m , the estimate obtained in Theorem 10.4. II implies 

that every / G 'K^rmp) with norm 1 satisfies : 

\f{z)\ 2 <C(mc-n)A 2mc& e 2m{1 - s) ^ z \ z eQ',m>^. 

If fi,..., f p G K^rrup) have norm 1, then |/i . . . f p \ 2 e - 2m v^-$)v j s bounded 
and therefore integrable on Q', proving that /i, . . . , f p is a section of 3(mp(l — 
S)ip) on Q'. The proof is complete. □ 
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